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The steady flow generated by an arbitrary field of monochromatic internal waves in a viscous continuously stratified liquid is
calculated in the first order of perturbation theory. The streamline pattern is calculated for a beam of harmonic waves excited
by a point dipole. The steady force, which a beam incident on rigid plane surface exerts, is also calculated. © 2001 Elsevier Science
Lid. All rights reserved.

A calculation of the mass transport by wave motions (Stokes drift) in the case of surface waves [1, 2]
agrees with experiments [3]; when calculating the wave drift at the interfaces of uniform homogeneous
liquids, the effect of the boundary layers that arise is also taken into account [4]. Stokes drift in the
theory of internal waves in a continuously stratified liquid, the equations of motion of which [5] differ
considerably from the equations of the theory of surface waves, has been investigated to a lesser extent,
The development of the theory of slightly non-linear internal waves in a viscous medium, which satisfy
the boundary conditions exactly, enables one to calculate not anly wave mass transport but also the
force of the waves on a reflecting surface, which is important for problems of the dynamics of the
interaction of the atmosphere and the underlying surface, and estimates of the action of oceanic internal
waves on large-scale structures.

The purpose of this paper is to calculate the average velocities, the distortions of the stratification
and the force on an obstacle due to a field of two-dimensional monochromatic internal waves in a viscous
continuously stratified medium,

1. THE EQUATIONS OF MOTION AND THE BOUNDARY CONDITIONS

The system of equations of the two-dimensional motion of a viscous incompressible continuously
stratified liquid in a system of coordinates {x, y, z) has the form [6].
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where p, P, (v, U;) are the total density, pressure and velocity, v is the kinematic viscosity, which is
assumed to be constant, and (f”, f*) are the force sources which give rise to the motion of the liquid;
the z axis is directed in the opposite direction to the acceleration due to gravity g.
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We will consider the motions in a medium with an arbitrary continuous density distribution py(z) and
a corresponding hydrostatic pressure profile

Py(2)= Py(2p) - 8 [ Pa(§)dE
20

The boundary conditions are the no-slip conditions for the velocity on the solid surfaces § in the liquid:
U5 = 0,5 = 0, and also the decay of all the perturbations at infinity.

Taking into account the two-dimensional nature of the problem and the incompressibility of the liquid,
in the calculations below we will use the stream function W, related to the velocity as follows:

v,=0¥foz, v,=-d¥/ox 1.2)
Introducing the density and pressure perturbations
PoPy2)+P, p—opa@d+p (1.3}
and substituting expressions (1.2) and (1.3) into Eq. (1.1), we gobtain the system of equations

(P +p)W, + ¥ ¥, -V, ¥, )=-F +v(p, +p)AY, +
+ 2vp W, + V(P +P, )W, -V, )+ fF
(Po + I, -V, Wy + W, W) = —F - V(pp +P)AY, + (14)
+ vp (W — Wy ) - 2%pp +p, ¥, - P2+ f°
pr+p, ¥, —(pg +p,)¥, =0

Here and henceforth the subscripts ¢, x and z denote differentiation with respect to the corresponding
variable.

2. STOKES FLOW IN AN INTERNAL-WAVE FIELD

We will calculate the flow generated due to non-linear effects by an arbitrary field of monochromatic
internal waves with frequency w, the stream function of which is described by the relation

¥, = Re[y(x, )¢ 1= %[\v(x,z)e""“" +¥' (x,2)¢™] 2.1)

where the asterisk denotes complex conjugation. The initial fieid {2.1) generates a steady (Stokes) flow
and waves of higher harmonics. The field ¥, satisfics the following lincarized systems of equations from
(1.4)

pOTI:z = “Plx +Vp0A‘PIz +Vp6(‘!‘|u _‘Plxx)"' fx
Po"ym = Plz + vaA‘Plx + ZVPG‘PIH + plg - fz (22)
Pr—Pot), =0

We will seek a solution of the non-linear system of equations (1.4) in the form of expansions in
harmonics of the frequency w for the stream function

Wix,z ) =W (n )+ S [F7 (xn2)e™ + ¥ (x, 2)e "] (2.3)

n=1

and similar expansions for the pressure and density. Here and henceforth terms with the subscripts
describe Stokes flow. In the zeroth approximation, non-linear corrections to the initial field with
frequency o can be neglected, and we can assume

AR NER IR Y AR (2.4)
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It follows from Eqgs (2.2) that in the part of space free from sources the function y satisfies the equation
of the internal waves

N? v
AY -y, -—Ay+
w w

¢ 2ivpg ivpg
P_owz_ PDA‘U:_ Po

Wy~ W) =0
o pvss apg VW) (2.5)

in deriving which we have not use the traditional Boussinesq approximation. Here N%(z) = g/A is the
square of the buoyancy frequency and A = [d In py(z)/dz] ™ is the scale of the stratification. Substituting
(2.3} and similar expressions for the pressure and density into system (1.4) and retaining only quadratic
terms in '¥';, we obtain, taking into account Eqs (2.2), the following system of equations in ¥,, P, and

Ps
(Pu"'Ps)("F ¥, - ¥, Y )+R;x‘_v(p0+ps)A‘Psz—

sz Vsrg = Py Tz
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F2={-p¥ie = Po (¥ ¥ — ¥ W) - (2.7)
= Vip AW, + 20, W 41, (F s - WD
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The angular brackets denote averaging over the period 2n/w.

Hence, in the approximation considered, the non-linear terms in system (1.1) are replaced by effective
stationary force sources (F*(x, z) and F*(x, z)) in the equations of motion and by a mass source with
flow rate Q(x, 2) in the equation of continuity.

It follows from (2.1) and the last equation in (2.2) that

Py = L (Wee ™ - yie™)
Substituting this expression and relation (2.1) into (2.7) we obtain

«_P . AN
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o 10 5 (V. ¥, -¥.¥,)

where c.c. denotes the complex-conjugate quantity. It follows from the form of the expression for 0 in
(2.8) that such a source has zero total mass transport (JJQ(x, z)dxdz = 0).
Assuming that the velocities of the induced wave flow are small, system (2.6) can be linearized:
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Psx - VPOA‘PSZ + Vpa(‘l‘m - q"szz) =F* )
Pro + VPO AW, + 25, +0,8 = F° (2.9)

z
"pI')\Psx = Q

Comparing the last equations in systems (2.8) and (2.9), we obtain the stream function of the Stokes
flow generated by an arbitrary field of monochromatic internal waves,

'v,(x,z)=Z"aw,(x,z)w:(x,z)— ¥, (x, )y (x,2)] (2.10)

It can be seen that if the field y(x, z) satisfies the no-slip conditions, we have

'Psxls = \Pszls =0
i.e. the Stokes flow also satisfies the boundary conditions exactly. Substituting the stream function of
the isolated wave beam excited by a compact source [7] into expression (2.10), we obtain that the velocity
of the induced flow vanishes in the ideal-liquid approximation (v = 0). In regions where several wave
beams intersect, a Stokes drift also occurs when there is no viscosity.

Eliminating the pressure P; from system (2.9) and using relations (2.8), we obtain the following
equation for the density perturbation in Stokes flow

4z . o 2W AT iy
Po Por = (W, AY, -V, AW, )+ A p A
Here we have omitted terms of the following orders of smallness in 1/A.

The relative order of smallness of the terms in relation (2.11) depends on the position of the point
of observation. Far from sources and reflecting surfaces, where the stream function of the initial field
varies slowly, the principal term is the first one. The smallness of the other two terms follows from the
condition of weak stratification and low viscasity (A > A * §,, where A is the characteristic scale of the
beam and §, = vv/w is the transverse scale of the internal boundary flow [5]), which is satisfied both
under laboratory and natural conditions. In the region of sources and reflecting surfaces, where internal
boundary flows exist in addition to waves [8], the principal terms are the first and third, since here the
action of the Laplace operator A on the function is equivalent to multiplying it by the quantity o/v. In
the intermediate region all three terms are comparable in value, when the characteristic spatial scale
of the internal waves A is of the order of the viscous wave scale L, = (vg)'¥/N [7].

Integrating relations (2.11) taking Eqs (2.5) into account and retaining only the principal term, we
obtain that, far from sources and bounding surfaces, the density perturbation in Stokes flow has the
form

V. ¥, +c.c. (2.11)

pON2 - L] - L]
4g(02 [Vzwx.r W W TV WV~ W:‘I’n] (212)

pe(x,2)=

As an example, consider Stokes flow induced by a beam of internal waves with frequency o,
propagating at an angle 8 = arcsin (@/N) to the horizontal. The beam is excited by a point dipole in
an exponentially stratified liquid. The stream function of the initial field in a system of coordinates
(p, q) attached to the beam, has the form [9]

v{p.q)=D, jkp — 8243 dk, B, = ———]/Ié 2.13
)= ex . = .
(p.q Og plikp vk q) v (ZNC <0 ( )

The pattern of isolines of the stream function '¥; (they are tangential to the velocity field), calculated
from (2.10) and (2.13), are shown in the figure in (p*, 4*) coordinates, normalized to the scale of the
internal boundary flow 8, : p* = p/d,, ¢* = q/d,. The arrows indicate the directions of steady motion
of the liquid. Hence, the phase velocity and the Stokes drift velocity are in opposite directions at the
centre of the beam of internal waves.
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Fig. 1

3. THE STEADY FORCE OF INTERNAL WAVES

We will consider the steady component of the force of a beam of periodic internal waves, incident on
& rorinarve gl secdase £ = 3 The siveane faneiue o B sears, geaeraied 5y @ SOt AT, CaT
be represented in the form [9]

V(p.@)=] Dk)explikp - 82k>g)dk 3.1)
]

where D{k) is the spectral function of the source and {p, q) is the attached system of coordinates (the
g axis is directed along the beam). The total field, which consists of the incident and reflected beams,
and Ao e inkernl bonada fow in s phaoe, bes (e (ot [9)

VKLG=TAmwawmﬂ (3.2)
0

i,z _ky +k, eitwi 4 2k,
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k, (k)= —kctg8+ Bk , ;'c,,(lc)z(l+r'),’ﬂ
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i82k?
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t k SIKL
A(k) = exp| ——
) sin@ D(sinﬁ) [{ sin> @ )
Here L is the distance from the squrce ta the plane, measured afong the beam.

It follows from the first relation of (3.2) that
VY (x0)=w (x0)=0 (3.3)

Q(kz)=e ek (3.2)

where

The normal steady component ¥, and the tangential steady component %, of the total force acting
on unit area of the reflecting plane, can be represented in the form [6]

g;z = F(x,0)+ 2p0v'{’sx:L=0' F,=pev(¥e - ‘I’szz )|z=0 (3'.4)

where, by virtue of relations (3.3), &, = 0. The pressure P(x, 0) is found from the first equation of
(2.9), which, taking (3.3) into account, can be written in the form

Puc (£,0) = poV'¥oyyy|

=0

Substituting (2.10) and (3.2) here, we obtain
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JippvTT K N oa e
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X @, k", 000, k", 00" ¥ *Tdr'dk” +c.c. (3.5)

Integrating (3.5) with respect to x from —= to +c=, we obtain the force acting on an infinite strip of
unit width (along the y axis),

= -3-"1;-‘M [ KLAGY R B GOR™ (kM1 RG) B A'GA" (Jdk +c.c.
@ g

h(k) =2k, (k) &y (k) + k., (k)] (3.6)

The prime denotes a derivative with respect to .
If the beam is excited by a point dipole a distance L along the beam from the plane, we have

2,3
ARy =20 exyf Ok L
sinB sin” O

and, taking the expressions for &,, and &, from (3.2) into account, we obtain

=i 0]
sin® ‘!;(SVL) r 3 (37)

Here we have introduced the maximum oscillatory velocity in the beam vu,, at the point where it is
incident on the reflecting plane.

Hence, the steady component of the force generated by a beam of internal waves, incident on a
horizontal reflecting plane, increases as the square of its amplitude and also increases monotonically
as the frequency of the wave decreases (it follows from the form of (3.7) that in this case the source
approaches the reflecting surface along the vertical and the area of the interaction spot increases). The
expressions obtained are inapplicable as w — 0, since the calculations of the roots of the dispersion
equation are approximate. The use of the exact solutions of the dispersion equation removes the
“infrared” divergence in (3.7). ‘

The force acting on an inclined reflecting surface should be calculated in a similar way using the
solutions of the dispersion equation of the internal waves in a local system of coordinates connected
with them.
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